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Abstract 
A finite word w over an alphabet is said to be bordered if there is a word which is both a 
proper prefix and a proper suffix of W. In this paper the unbordered factors of the characteristic 
sequences f( c() of irrational numbers N behveen 0 and 1 are determined. By definition, f’( CX) is 
the infinite word over the alphabet (0, 1) whose nth letter is [(n + 1 )x] - [na], n > 1. It is proved 
that the unbordered factors of f‘(r) are precisely the Lyndon cr-words over (0, l} and their 
mirror images. As a biproduct, a characterization of cc-words is obtained. @ 1998-Eisevier 
Science B.V. All rights reserved 
Kewords: Unbordered word; a-word; Lyndon word; Characteristic sequence 
1. Introduction 
Let & be an alphabet and let d* be the free monoid over d. Denote the empty 
word by E. A word w E d* is said to be primitive if it is not a power of another 
word. A word x is said to be a prejix (resp., sufl.x) of a word w E d* if there exists 
a word y such that w =xy (resp., w = yx); x is a factor of w if there are words 
y,z E d* such that w = yxz; x is a cyclic factor of w if 1x1 d IwI and x is a factor 
of w2. Two words w and z in &* are said to be conjugate if there are words x and 
y such that w =.xy and z = yx. The conjugate class of a word w E d* is the set of 
all z E ,Y&‘* such that z and w are conjugates. Let T (resp., -) denote the shift (resp., 
reverse) operator given by 
T(c)=c=c, T(w) = c2 . . . L’,Cj) w=c,. . ‘QCI, 
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where w=ctcz... c,, c, ci E G?, 1 <i <n, n 32 CT is called the mirror image of w. 
A word w E Se* is said to be a palindrome if w = F or W = w. 
A word z E d* is said to be a border of a word w E Se* if 1 < IzI < IwI and there 
are words x and y in d* such that 
w=xz=zy. 
A word w E d* is said to be bordered if it has a border, or equivalently, if w =zxz 
for some z and x in d* with z # E. w is said to be unbordered if it is not bordered. 
Bordered (resp., unbordered) word is also called overlapping (resp. nonoverlapping, 
d-primitive, or primary) word. Border is also called bifix. (See [9, 11, 13, 17, 181.) 
The following notion of u-word was introduced in [4]. 
Let CI = {a], a2,. . .} be a finite or infinite sequence of positive integers. Define a 
sequence of words 
S: WO,W1,I~~~~ ,Wl,a,,W2,1,. . .,WZ,ll>,. . . 
in (0, l}* recursively as follows: Let 
w-1 = 1, wa=o, WI =oal-‘1. 
If ldjdat, let 
Wi,J = O’_’ 1 
(note: w~,~, =wi); if n>l and l<j<an, let 
W n,j = 
if n is odd, 
if n is even, 
and w, = w,, a,, .
A word w E (0, l}* is said to be an a-word if rk(w) is in the sequence S, for some 
integer k. a-words over other alphabets can be defined similarly. 
It was proved in [5] that each word w in S is a Lyndon a-word. In other words, 
w is a primitive word that is minimal in the lexicographic order in its conjugate class. 
It can also be shown that for each w in S, W is maximal in the conjugate class. When 
cc={l,l,...} h - d t e a wor s are precisely the Fibonacci words [l-3]. The standard words 
that were considered in [S, 151 are a-words. In [6], it was proved that the collection 
of all a-words, where a runs over all irrationals between 0 and 1, coincides with the 
set of images of 0 under Sturmian morphisms and hence it is a set of finite Sturmian 
words. 
Let a be an irrational number between 0 and 1. The characteristic sequence f(u) 
of CI is the infinite binary sequence whose nth term is 
[(n + l>a] - [na], n31. 
f(u) will be regarded as an infinite word over { 0, 1 }. 
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By means of the continued fraction expansion x = [0, ai, ~2,. .], a will be identified 
with the infinite sequence {ai, ~2,. . .}. 
Many known results about factors, prefixes and representation theorems of f(a) in- 
volve special sequences of x-words ([24,8, 10, 12, 14, 16, 191). In particular, it was 
shown by Chuan [4] that every x-word w contains all except one factors of f(a) 
having length less than or equal to Iu’I as cyclic factors (Corollary 4.3 below). A 
stronger result for unbordered cc-words was also proved in [4] (Theorem 4.2 
below). 
The unbordered a-words established in [4] are the a-words in the sequence S and 
their mirror images. In this paper, it is shown that there are no other unbordered CI- 
words besides these ones (Corollary 3.5). It turns out that the unbordered a-words are 
also the only unbordered factors of the characteristic sequence of a (Theorem 4.4). 
With this last result, a characterization of z-words is obtained (Corollary 4.6). 
2. Unbordered words 
The following two lemmas about unbordered words have been proved in [4]. Char- 
acterizations of unbordered words are given in Lemmas 2.2. 
Lemma 2.1. Let w be an unbordered word having length 932. Then 
(a) W is unbordered; 
(b) w is primitive; 
(c) The conjugates w, T-‘(w), . . . , T-q+‘(w) are distinct. 
A circulant matrix of order q over an alphabet d is an q x q matrix of the form 
Cl c2 “. cq 
cq Cl ..’ cq-I 
c2 c3 .” Cl 
where cI,cz,... , cq E d. We denote this matrix by circ(cl, ~2,. . . , cq) or circ(w) where 
w=clc2’ . ‘Cq [7]. 
Lemma 2.2. Let Iw( = 932. Then the following conditions are equivalent: 
(a) w is unbordered. 
(b) For each k with 1 <k <q - 1, the prefixes of w, T-‘(w), . . . , T-k(~) of length k 
are distinct. 
(c) For each k with 1 <k<q - 1, the rows of the upper left (k + 1) x k submatrix 
of circ(w) are distinct words over &. 
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The following lemma, whose proof is easy, will be used in the proof of Theorem 4.4. 
Lemma 2.3. Let IwI = m. Zf w has a border z of length r then every prejix u of w 
having length greater than m - r is bordered. 
3. Unbordered a-words 
In this section the unbordered a-words will be determined. The following two lemmas 
give some basic properties of a-words that are needed in this paper. See [4] for their 
proofs. 
Let qn = Iw,I and q&J = Iwn.jI. 
Lemma 3.1. 
(a> 
(b) 
cc> 
vn,jun if n is odd, 
W n,j = 
unun,j if n is even, 
where 
u,, vn,j are palindromes, 
vn,1 =&-I> 
Iv~,ll=\u~-l/=q~-2~ Iv&JI=q?2,J-I, j32, 
Iv,/ =qn -qn-I. 
Zf n is odd (resp., even), then w, and un+l d@er by the last (resp., jirst) letter 
only. The same is true for wn,J and v,,J+l. 
~2 = T-‘(w,,j) where 
if n is odd, if n is even. 
Lemma 3.2. For each w in S, both w and W are unbordered cr-words. 
Theorem 3.4 shows that Lemma 3.2 gives all the unbordered a-words. 
Lemma 3.3. Let n, j be such that min(q,q,_i)>2 where q =qn,j - qn-l. 
(a) Let A and B be, respectively, the upper left and upper right submatrices of 
(b) 
circ(w,,j) whose sizes are qn_l x q zj” n is odd and q x q,_l if n is even. Then 
A = B, except for the last entries of their first rows. 
Let C and D be, respectively, the lower left and lower right submatrices of 
circ(w,,J) whose sizes are q x qn_l if n is odd and qn_l x q tf n is even. Then 
C = D, except for the last entries of their first rows. 
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Proof. We prove only for odd n. By the definition of circulant matrix, it is clear that 
to prove (a), it suffices to show that the first rows of A and B differ by the last letter 
only and that the first columns of A and B coincide. 
According to Lemma 3.1, the first row of circ(~,,,~) is 
W 
j 
n,j =W,_l Wrl-2=Wn-IW=~n,,un, 
where 
Wn,j_I if j> 1, 
w= 
W/,-Z ifj=l. 
Therefore (i) the first rows of A and B are V,,,j and w respectively, and (ii) the first 
columns of A and B are 
[((k)))r ] and [ ((F(wL, )))r ] ) 
respectively, where F(v) is the vector (or word) obtained from v by deleting its first 
component (or letter) and vT is the transpose of v. By Lemma 3.1, w and v,,, differ 
by the last letter only and w,-t and U, differ by the first letter only. Consequently, 
A and B have the required properties. This proves (a). 
Similarly, we need to determine the first rows and the first columns of C and D. 
The qn_l + 1 row of circ(w,,i) is 
T-y”-‘(W,,j) = U,Vfl,j = WT = lGw=, . 
Hence (iii) the first rows of C and D are u, and WY! respectively, and (iv) the first 
columns of C and D are 
[ ((~i..,,))r ] and [((G&r] 1 
respectively. Thus C and D have the required properties, proving (b) and hence the 
lemma. 0 
Theorem 3.4. Let n,j,q,A and B be as in Lemma 3.3. Let 0 <i<q,,, - 1 und let 
(a) 
(b) 
t = q,,._l iJ’ n is odd, 
4 if n is even. 
If’ i # 0 and t, then T-‘(w,,,) is bordered and has u border of length > 
min(q, qn- I 1. 
If’ i = 0 or t, then T-‘(w,l,j) is unbordered but L( T-‘(W,,j)) is bordered and has 
u border of length amin(q, q,l_l ) - 1, where L(v) is the word obtained jiom c 
by deleting the lust letter. 
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Proof. We consider odd n only. Denote the ith row of a matrix M by Mi. 
(a) 
(b) 
According to Lemma 3.3, if l<i<qn_l - 1, then Ai+*, which equals Bi+l, is a 
border of T-j(w,,j) of length q; if qn_i + 1 <i dq,,j - 1, then Ci_,+ +I, which 
equals Di--q,,-,+I, is a border of T-‘(w,,j) of length qn_l. 
If i =O, then TPi(w,,j) = Wn,j and L(Ai), which equals L(Bl), is a border of 
L(w,,j) having length q - 1. If i= t = q,_l, then T-i(w,,j)= wn,i according to 
Lemma 3.1. Therefore Cl, which equals D,, is a border of L(w>) having length 
qn_l - 1. 0 
Corollary 3.5. The words in S and their mirror images are the only unbordered 
a-words. 
We remark that each of the results about the W,,j’s in this section has an analogue 
about their mirror images. 
4. Unbordered factors of f(a) 
The goal of this section is to determine the unbordered factors of f(a). 
Here are some results (Lemma 4.1, Theorem 4.2 and Corollary 4.3) which reveal the 
importance of a-words as factors of f(a). The proofs of which can be found in [4]. 
Lemma 4.1 (Chuan [4]). Factors of a-words are factors off (a). 
Theorem 4.2. Let w be in S with (WI = q and let y be the palindrome which difsers 
from w by one letter only, as given in Lemma 3.1(b) Let 
K = circ(w) 
[ 1 
and H= 
circ(G) 
Y [ 1 Y 
Then for each k with 1 <k <q the rows of the upper left (k + 1) x k submatrix of K 
(resp., H) are precisely the factors off (a) of length k. 
Corollary 4.3, Let w be an a-word with IwI = q. Then w contains all factors off (a) 
of length <q as cyclic factors, except for one (palindrome) factor off (cI) of length q. 
Here comes the main theorem. 
Theorem 4.4. Words in S and their mirror images are the only unbordered factors 
of f(a). 
Proof. Let 
Sqj={W: IWIGqn,jyW or GES}, 
Un,j = {w: w is an unbordered factor of f(a) with ]w] ~q”,~}, 
W.-F. Chuan I Theoretical Computer Science 205 (19981 337-344 
To prove the theorem it suffices to show that 
Sn, j = un,j, 
for all n, j. 
Let 
2 if al 22, 
nl = 
3 ifai=l. 
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Clearly the result holds for (n,j) =( nl, 1). NOW suppose that (n,j) is such that 
qn,j > q,,,, 1 and suppose that 
( 
Sn,j_i = Un,j-i if j> 1, 
sn_, = un_, if j= 1. 
We show that Sri,,, = Un,j. 
Let 
( 
4n.j-I if.i> 1, q= 
90-I if j=l. 
We consider odd n only. Let q + 1 <k < qn,j and let u be a factor of f(x) of length k. 
(i) If k = q,,j, then Lemma 3.2 and Theorem 3.4 imply that 
u is unbordered H u = Wn,j or WT. 
(ii) If k < qn,j, then it follows from Theorem 4.2 that u is a prefix of Twi(Wn,j) for 
some O<i<g,,j - 1. We consider the cases: 
(a) i#O and i#t, 
(b) i=O or t, 
where t is as in Theorem 3.4. 
If (a) holds, then Theorem 3.4 implies that T-‘(wnj ) has a border of length r 3 
min(q,,j - q,_l,q,_,). If j> 1, then r>q,_l and so 
luj=k>q+ l>qn,j-qn-1 >qn,j-r. 
If j= 1, then r>q,,j - qn-1 and SO 
/UI=k>q+ 1>q,-12qn,j-rw 
It follows from Lemma 2.3 that u is bordered. If (b) holds, then u is a prefix of 
L( Tei(W,,j )). Theroem 3.4 implies that L(T-‘(w,,j)) has a border of length r> 
min(q,,, - qn_ I, qn_l) - 1. By a proof similar to the one for part (a), we have 
IUI>(qn,i-1)-r. 
Again it follows from Lemma 2.3 that u is bordered. This completes the proof. 0 
Corollary 4.5. Let w be an a-word with (w( = qn,j 22. Then 
(a) S”,j consists of all unbordered cyclic factors of w. 
(b) w has 2(al + a2 + . + a,_, + j) unbordered cyclic factors. 
344 W.-F. Chuan I Theoretical Computer Science 205 (1998) 337-344 
The following corollary gives a characterization of a-words. 
Corollary 4.6. Let w E (0, l}+. Then w is an a-word if and only if w is a primitive 
word such that its conjugates are factors off (cz). 
Proof. The “only if” part follows immediately from Lemmas 2.1, 3.2 and 4.1. 
“If” part: Since w is primitive, its conjugates class contains an unbordered word u 
[9, 13, 181. By assumption, u is a factor of f(a). Therefore it follows from Theorem 4.4 
that u = w,,, or w; for some n, j. Consequently, w is an a-word. 0 
We finally remark that using Theorem 4.4 and the results in [5], it can be shown 
that the number of unbordered finite Sturmian words in (0, l}* of length q is 2&q), 
where 4 is the Euler function. 
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